Reading Page: Motion Diagrams |

In the previous unit we learned how to draw a motion diagram for an object moving with a constant
velocity by indicating the position and velocity of the object at equally spaced time intervals. When
an object moves with increasing or decreasing speed, the distance between successive dots increas-
es or decreases, respectively.

Examples of motion diagrams:

Example 1. A car starts from rest and speeds up. The position dots, which are drawn at regular clock
ticks, get farther and farther apart. The distance between the dots increases, and the length of the
velocity arrow also increases: the velocity of the car is increasing.

oo >0 >0 >0 >0 >0
| >» X

Example 2. A car slows down to a stop. As the distance between the dots decreases, the length of
the velocity arrow also decreases: the velocity of the car is decreasing.

Example 3: An ostrich speeds up, trying to catch up with his group. The speed of the ostrich is in-
creasing. Its position dots get farther apart as its speed increases. Notice that the x=0 position is on
the right, and the ostrich moves toward the left.

©2011 A TIME for Physics First: Unit 3. Accelerated Motion Page 29



Example 4: After participating in a 20 mile bike race, Tom is approaching his home. His speed de-
creases and he prepares to stop. x=0 is on the right, and he moves toward the left.

X<

Example 5: Correlating graphs to motion diagrams.

AX
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Reading Page: Instantaneous Velocity: Geometric Method

Teacher notes: This Reading Page should be part of a whole-class discussion.

For uniform motion (i.e., at a constant speed) the x-t graph is a straight line. We can speak of the
average velocity as the slope of the graph because the slope of a straight line is the same constant
value everywhere. It doesn’t matter whether we find the slope during a time interval at the begin-
ning of the object’s motion or the end: Slope 1 = Slope 2 (figs 1 and 2). Furthermore, the slope is
the same at every instant of time during the object’s uniform motion.

Fig 1. Fig. 2

Slope 2
AX,

Slope 1

AXy At,

At t t

When an object starts slowly and steadily increases its speed, the x-f graph is not a straight line. The
slope over a time interval at the beginning of the journey is different from that at the end of the
journey: Slope 1 calculated at an earlier time is not the same as Slope 2 at a later time (figs 3 and 4),
even if the time interval is the same in both cases

Therefore, we need to decide the clock reading at which we want to calculate the slope.

Fig 3. Fig. 4
X X
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AX,
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Page 32 ©2011 A TIME for Physics First: Unit 3. Accelerated Motion



If we want to calculate the slope at a clock reading ¢, we take

Fig. 5.

a time interval A around the time ¢, (¢, should be in the cen-
ter of interval Af). The slope of the secant is an approxima- Slope of secant
tion of the average velocity at 7,. (fig. 5) At=ds
As we make the time interval Az smaller and smaller (figs 6
and 7), At finally shrinks to a tiny value or “an instant” (fig
8). When Af becomes “an instant,” the line of the slope just AX
touches the curve at clock reading 7, and the secant be- '
LAt
comes the tangent to the curve at 7, ]
The velocity given by the slope of the tangent is the instan- ty t(s)
taneous velocity AT time 7, not just AROUND time ¢, (as the
slopes of the secants gave us).
Fig. 6 Fig. 7 Fig. 8
X X X
Slope of secant Slope of secant Slope for a very
At=3s At=2s small At, same
as the slope of -
the tangent ’d
. AX
'! At /!’ Tt
t; t(s) t(s) ty t(s)

For a smooth x-t curve, the
slope of the tangent is equal to
the slope of the secant for the
same center point (fig. 9).

Why then, should we bother
with tangents or instantaneous
velocities when the average
velocities give us the same
values?

Well, using secants works for
smooth curves. If we have a
curve with kinks or bumps we
need to use tangents to find
the instantaneous velocity; we
do not use secants, because
they do not give the same
slopes as tangents (fig. 10).

So long as we deal with
smooth curves, we can use
secants more conveniently.

Fig. 9

For a smooth ¢
slopes of secan

urve,
tand

of tangent are the

same at any giv

time click, rega
of the value of

Fig. 10

For a curve with
bumps, slopes of
secant and tangent
are NOT the sa

LAt
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Slopes can be positive or negative.

If x is increasing with time at the clock reading where we calculate the slope, the slope, and there-
fore the instantaneous velocity is positive.

If x is decreasing with time at the clock reading where we calculate the slope, the slope, and there-
fore the instantaneous velocity is negative.
X X

At

A A positive Negative

slope slope

===

. t t, t

Note: a secant is similar to a chord in a circle. In a circle, a straight line that connects any two points
of the circumference is called a chord. For a general curve, a straight line that connects any two
points on the curve is called a secant.

Powerpoint : Slopes.ppt
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Reading Page: Numerical analysis of x-f data to obtain v-7 data

We have learned how to figure out instantaneous velocities from the
slopes when we have an x-t graph for accelerated motion. What if we

x-t data for Jack’s toy car

t (s) x (cm)
have only a table of values? 0.0 6.0
Example 1. Jack runs his toy car along the floor and obtains the data 2.0 6.4
shown in the table. 4.0 7.6
6.0 9.6
a) Draw an x-t graph 8.0 12.4
, _ 10.0 16.0
b) Calculate the velocity of the car from the values in the table at t 120 20.4
= 2 sec. 14.0 25.6
Solution: 16.0 31.6
18.0 38.4
(a) (b)
4 -t data for Jack's toy car From the figure we see that the slope is
40T [ | [ ] calculated using the usual rise/run formula.
/ To obtain the slope att =2 sec, i.e., t_ =2
= 30 > sec, we take an interval around that time, for
S 7 example, from t = 0 to t, = 4 sec; reading off
:‘ the graph, x. = 7.6 and x=6.0 cm.
g pai
LfLa I Therefore the slope (which is the average
.4 velocity att =2 secis
10 I Lo
_ﬁ' o X, — X
0 0 : 5 10 15 20 Couh
: 76-6
Time, t (sec) v, = =0.4cm/ sec
4-0
AX
10 ) If we look back at the table, we see that the
‘ same values of position x, at time t, and posi-
75 - tion x at time t are also listed in the table.
/‘." We can, in fact, just as well use the xand t
g’ | ¢ values from the table, to find the velocities.
5
0 1 2 3 4 5 t(s) x (cm) Vg incm/s Att . (s)
? ,+ T 0.0 6.0
i mid - - -
s 0 64 (7.6-6.0) / (4+0)/2
(4-0)=0.4 =2.0
4.0 7.6
And this method is exactly equivalent to
calculating the slopes using secants.

Notice that we called the velocity above the average velocity rather than the instantaneous veloc-
ity — because we used the secant and not the tangent. If the time interval At becomes smaller and
smaller, the average velocity will approach the value of the instantaneous velocity in all cases. In the
case above, since we have a smooth curve, the average and instantaneous velocity are the same
even when the time interval is not infinitesimally small.
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Example 2. Use the same data as in Example 1, and calculate the velocity at t = 13 sec.

Solution:

This method can also be used to calculate average velocity at time clicks between values for which
we have data in the table. Below we’ll calculate the velocity at t = 13 sec (a value not in the table)
using the values around that time click.

40 x-t data for Jack’s toy car ® The figure shows an expanded segment near
— y / t=13 sec. We can calculate the average veloc-
/ ity using the values att =12 secand t. = 14
£ 30 1T sec using the table of x-t data. A small sec-
= il tion of the table is shown below. Notice that
5 20 y 4 we inserted a row between the data — this is
iz — o7 \ just for convenience while we make calcula-
e P tions
10 = il . R
—o— — The velocity and midpoint time are calcu-
| \\ \ lated in the same manner as before.
0
0 Time, t1(osec) 15 20 Ty (s) |x vavg incm/s [ At tmid (s)
AX (cm)
30
4 /, 12.0 | 20.4 | =(25.6-20.4) /
10 ' I Dt =(14+12) /2
/] (14-12)
25 Z =13 sec
% 14.0 | 25.6 |=2.6cm/s
75 = Ve
”
% oy
| t r t
5 >
;) 1 i 3 ; 5 11 1*2 13 1$4 15
1 -y I b lwia 1y
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Example 3. Use the same data as above

x-t data for Jack’s toy car

401 ,
a) Calculate the average velocity at several 1
clock readings = 30 | ‘,’.’
b) Using the midpoint time for the time inter- % ,”'
val chosen to calculate the average velocity é 20 |
and plot a v- graph. g K il
. * o
Solution: 10 e
(a) This value of the average velocity for the time =7
interval from 0 s to 4 s was already shown. In a 0
similar manner we can calculate the instantaneous 0 5 Time, t1((s)sec) 15 20
velocity at t =4 s, by choosing the time interval
betweent=2sandt=6s. 4 4 V-t data for Jack's toy car
vt:4S=x6_x2 29'6_6'420.80m/s »
le— 1, 6-2 ® 3 »
g Bad
This calculation is shown in the table below. ; , .,/.
(b) The values for the instantaneous velocity in the;f’j » i
table above were obtained as shown in the calcu- ~ P'd i
lations. Note: Notice that you need two values for 1 &
the time and accordingly two values for the posi- q' '
tion of the object to obtain an average or instanta- \
neous velocity. 0 5 10 15 20
Time, t (sec)
(c) Using the velocity and t__ data from the table
below, one can plot the v vs ¢ graph as shown.
Ve incm/s Midpoint time
tls) | x(em) “instantaneous velocity” b (5)
0.0 6.0
20 64 \> =(7.6-6.0)/(4-0)=0.4 (4+0)/2=2.0
40 76 > =(9.6-6.4)/(6-2)=0.8 40
60 | 967 1.2 6.0
8.0 12.4 1.6 8.0
10.0 16.0 2.0 10.0
12.0 | 204 2.4 12.0
140 | 256 2.8 14.0
16.0 31.6 3.2 16.0
18.0 38.4
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Example 4: Kala runs a race at her school, and the following data is recorded for her motion.
(a) Calculate her instantaneous velocity along her path at several x vs. t data for Kala

moments in time. Time (s) Distance (m)
0 0
In Example 2 we determined the instantaneous velocity at a clock 3 12
tick value by calculating the average velocity over a time interval 6 26
that is centered on that clock tick value. For that, we used position 9 41
data from the two neighboring clock-tick values. If we use x at ¢ = 12 58
3sand x at 7 =0s to calculate v, , we will obtain the value of v,__ 15 /8
at the clock reading half-way between 7 = 3s and ¢ = Os, namely at 18 100 t
= 1.5s. This is shown in the first row of the table below. Similarly, 21 120
using x at7=3sand x at ¢=6s givesus v, att=4.5s. 24 136
27 150
The first two rows indicate how her velocity is calculated. 30 162

Instantaneous velocity

Time (s) | Position (m) (m/s) At clock reading t__ (s)
0 0
v=(12-0)/(3-0)=4 m/s t=(3+0)/2=1.5s
3 12
v=(26-12)/(6-3)=4.67 m/s | t=(6+3)/2=4.5 s
6 26
] 5.0
9 41
5.67
12 58
6.67
15 78
7.33
18 100
6.67
21 120
5.33
24 136
4.67
27 150
4.0
30 162

Notice that the table is arranged so that time and position are entered in alternate rows, and in-

stantaneous velocity and midpoint clock reading are entered in the rows inbetween. This is done for
convenience.

Shown next are the position-time graph and the velocity-time graph
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Position-time graph for Kala’s race. Notice that the entire curve is not a straight line, but the seg-
ments between successive points seem like straight lines. Also, each of the individual segments has
a slightly different slope from the neighboring segments. These different slopes are due to the
different speeds, and that is reflected in the v vs ¢ graph shown below.

The varying slopes of individual seg-

. . Position vs. time for Kala's race
ments in the x vs ¢ graph are seen in the

|
I
1
|
|
|
I
1
I

velocity-time graph. The first slope we 180
can calculate is betweent=0and 7 =3 160 decreasing
sec; this slope gives us the velocity at 140 slope
. . . . |
the midpoint in time: #=1.5 sec. =120 bigges/ :
~ ]
The slope of the x- graph between ¢, g 100 s1ope :
and t, gives the value of the v-f graph at = 80 _ : | :
2 ) @ increasing ' |
the midpoint between 7, and z,, namely & 60 sTope | |
at (z,+1,))/2. 40 small : :
20 slope 1' : :
|
0 . ! !
0 5 1 10 15 | 20 25 30
I Time (sec) I
| | |
I I T
\.felcu:itv}I vs. time for Iltala's race :
| |
1 L
| |
|
|
|
t
|
|

Velocity (m/s)
I
1.5s

tmid

Time (s)
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Reading Page: Acceleration

Teacher Notes: Use the first part of this Reading Page as a whole-class discussion.

Acceleration occurs when the velocity of an object changes with time. Acceleration (symbol: a) is
given by the formula

Change in velocity
Time over which the change in velocity occurred

Acceleration =

What units do we use for acceleration?

Vf —Vl. AV
: or a=—
t,—t. At
. A . . . .
Av is in units of velocity or length/time; At is in units of

time. Therefore acceleration has units of:

Since a =

g Av _length/time _ length length

At time  (time)(time)  time2

Or

From the slope of the graph, we can write the acceleration to be

_&_vf—vl.

Attt

s
a(tf—tl.)zvf—vl.

—_——
At

aAtzvf -V,

aAt+vl. =v,

Which we can rearrange as

V=Y, + aAt ... Motion Equation # 1
Here v, is the final velocity, v, is the initial velocity, Az is the time interval over which the velocity
changes from v.to vfand a is the acceleration. The slope of the v vs ¢ graph indicates the rate of

change of velocity with time. If the slope is 2 m/s?, that means that for every second the object is
traveling its velocity is increasing by 2 m/s for every second.

Notice that Motion Equation #1 is similar to the equation for a straight line: y = mx +b
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Comparing the two equations, we see that:

v, =y final velocity
v, =V, +alt N v, =b initial velocity (y intercept)
y=mx+b a =m acceleration (slope)

At = x time interval

Since the v vs t graph is a straight line, its equation can be written in the form y =mx+b orin the
formv, =aAt+v,.

Example 1: A car accelerates from an initial velocity of 3 m/s to a final velocity of 11 m/s in a time
of 4 sec. Calculate its acceleration.

Since v,=3 m/s, V.= 11 m/sand ¢ = 4 s, the acceleration is

V™V  (11-3)m/s L, m
At 45 SZ

a=

What does the value 2 m/s?> mean? It might make more sense if we write it as 2 m/s/s (read as 2
meters per second per second). This means that for every second that goes by, the car’s velocity
increases by 2 m/s. In the first second of the car’s motion, its velocity changes (increases) by +2
m/s, from a speed of 3 m/s to 5 m/s. In the second second, it increases again from 5 m/s to 7 m/s.
In the third second, it increases yet again, from 7 m/s to 9 m/s. And in the fourth and final second, it
increases from 9 m/s to 11 m/s. In other words, the change in the car’s velocity is 2 m/s per second.

Example 2. A truck has an initial velocity of 22 m/s. Over a time interval of 3 seconds, its velocity
decreases to 13 m/s. Calculate its acceleration.

Since v, =22 m/s, v, = 13 m/s and ¢ = 3 s, the acceleration is

VeTV _ (13 -22) m/s
At 3s

=3

m

a= —
$2

The truck’s acceleration is —3 m/s2. Notice that it has a negative sign. This negative sign indicates
that the object has a negative value of acceleration. For every second that goes by the truck’s veloc-
ity changes by —3 m/s. In other words, in the first second, the truck’s velocity changes from 22 m/s
to 22-3 =19 m/s. In the second second, the velocity changes from 19 m/s to 19-3 = 16 m/s; finally,
in the third second, from 16 m/s to 12-3 = 13 m/s.

The negative sign of the acceleration, when combined with the positive sign of the velocity, makes
the velocity decrease with time.

Positive and negative accelerations

So far, most of the examples have had velocity increasing with time, similar to what happens when
we step on the accelerator of a car. However, when we step on the brake, velocity decreases with
time. While the word deceleration is often used in everyday language, we just use the general term
“accelerated motion” when an object’s velocity changes with time.

Here’s what the graphs look like for object A, whose velocity increases with time, and object B,
whose velocity decreases with time. Notice that both these objects have positive velocities.
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Object A has a positive velocity:

<
-

velocity, v

At i

i time, t

= =<

Object B has a positive velocity:

<

/

velocity, v

o
-

At N

t
' time, t R

Object A’s velocity is positive. Its final velocity
v is more than its initial velocity v;; therefore
the slope of the graph is positive and the ac-
celeration a is positive.

Since the velocity and the acceleration have
the same signs (both are positive), object A
speeds up.

Object B’s velocity is positive. Its final velocity
vfis less than its initial velocity v ; therefore the
slope of the graph is negative and the accel-
eration a is negative.

Since the velocity and the acceleration have
opposite signs (v is positive while a is nega-
tive), object B slows down.

Slopes of Straight-line graphs

We have seen straight-line graphs before in uniform motion. When we have straight-line x vs ¢
graphs, the position changes uniformly with time, and the rate of change of position gave us the

average velocity.

In this unit, we see that the v vs ¢ graphs are straight lines — namely, the velocity changes uniformly
with time. In an analogous fashion, the rate of change of velocity with time is the acceleration.
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Reading Page: Motion Diagrams Il

Motion diagrams with constant acceleration.

In addition to the position and velocity of the object we can also represent the acceleration of the
object on the motion diagram. Since the acceleration is the change in velocity over a given time
interval, and since we draw motion diagrams at regular clock ticks, the acceleration is proportional
to the difference between the lengths of successive velocity arrows. Since the acceleration involves
two velocities (initial and final), we draw the arrows between those two velocity vectors. The length
of the acceleration vector is proportional to the difference between the two velocity vectors.

Examples of motion diagrams with constant acceleration:

Example 1. A car starts from rest and speeds up. The direction of the acceleration is in the same
direction as the direction of its velocity.

Note that we need to know two velocities to find the acceleration. Technically, we don’t know the
acceleration at the first and last points. However, since we will only deal with motion with constant
acceleration, it is reasonable to expect the same acceleration at both first and last points, therefore
it is ok to draw acceleration arrows above those points.

Example 2. A car slows down to a stop. The direction of the acceleration is opposite to the direction
of the car’s velocity.
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Example 3: An ostrich speeds up, trying to catch up with his group. (the speed of the ostrich is in-
creasing). The acceleration is in the same direction as the ostrich’s velocity.

= = =

Example 4: After participating in a 20 mile bike race, Tom approaches his home. His speed decreas-
es as he prepares to stop. The direction of the acceleration is opposite to the direction of its velocity
(Tom is slowing down).

Example 5: A ball rolls down a ramp, increasing its speed as it moves down the ramp. Note: motion
diagrams are usually drawn parallel to the direction of motion.
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Reading Page: Positive and Negative Velocities

Thus far most of our examples have dealt with positive values for velocity. However, velocity can

have positive or negative values.

Remember that the slope of the x-t graph at any given time t_gives you the value of the v-t graph at
that same time t_. In order to produce a v-t graph from an x-t graph, it is best to figure out the slope

at several clock ticks on the x-t graph, and indicate them, one by one, on the v-t graph. (As you get
more experienced, you might be able to do this by just moving your slope-o-meter - your pencil -

like a tangent across the x-t graph).

Example 1. Object A starts at x=0 with zero velocity.
It travels in the positive direction as shown in the x-t
graph.

Let’s take this step-by-step to produce a v-t graph from
an x-t graph:

At any given time, the slope of the x-t graph gives the
velocity at that time.

At t, the slope of the x-t graph at t, which gives the
velocity at t is zero. Therefore the velocity at t, is zero
on the v-t graph.

At t,, the slope of the x-t graph is a small positive value,
and the velocity on the v-t graph is a small positive
value.

At t,, the slope of the x-t graph is larger than at t,, and
still positive; the velocity on the v-t graph at t, is larger
than at t,.

At t,, the slope of the x-t graph has a large positive value,
larger than at t,,, indicating a large positive velocity,
which is shown on the v-t graph.

Since we have a smooth x-t graph, the values of the
velocity change smoothly, giving us a v-t graph that is a
straight line. It starts at v=0 and v increases to large posi-
tive values.

The slope of this straight v-t line gives the acceleration,
which is also positive.

Since the values of velocity increase with time, the ob-
ject speeds up. Notice that both the velocity and the ac-
celeration have positive values. Positive velocity means
the object is traveling in the positive direction.

Object A

X'I" An x-t graph with positive
slopes has positive values of v
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Example 2. Object B moves in the positive direction, as Object B.

shown in the x-t graph. A
X

At t: the x-t graph has a large positive slope, and the value

of velocity at t, on the v-t graph has a large positive value. .

At 4

At t,: The slope of the x-t graph decreases, but is still posi- t

tive. The velocity at t, on the v-t graph is still a positive fx

value, but less than that at t.. Positive

|
At t.: the slope of the x-t graph decreases further. The veloc- Sopes

ity at t, on the v-t graph has a smaller value than at t,. -

At t,: the slope of the x-t graph is zero. The velocity at t, is
zero.

The slope of this straight v-t line gives the acceleration,
which is negative.

Since the values of velocity decrease with time, the object
slows down. Notice that the velocity has positive values
but the acceleration has negative values. A positive velocity
means the object is traveling in the positive direction.

Example 3: Object C moves toward the negative direction A
(toward the origin), as shown in the x-t graph.

At t : the slope of the x-t graph is zero. The velocity at t, is
zero.

At t,: The slope of the x-t graph is larger, but negative, The
velocity at t, on the v-t graph is a negative value.

At t.: the x-t graph has a larger negative slope, and the value Aj" x4t ghraph W“ht‘”egat;“e f
of velocity at t, on the v-t graph has a larger negative value, oo feRntEne o
larger than at t..

At t,: the slope of the x-t graph increases further, but is still
negative. The velocity at t, on the v-t graph has a larger YA
negative value than at t..

The slope of this straight v-t line gives the acceleration,
which is negative.

Since that the values (magnitudes) of the velocity get larger,
this object speeds up. Notice that the velocity and the ac-
celeration both have negative values. A negative velocity
means that the object is traveling in the negative direction.
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Example 4: Object D moves toward the negative direction Object D:

(toward the origin), as shown in the x-t graph. A
X

At t : the slope of the x-t graph is large and negative. The

velocity at t is large and negative. Negative
slopes

At t,: The slope of the x-t graph is smaller than at t,, but still
negative, The velocity at t, on the v-t graph is a smaller nega-
tive value than at t..

At t,: the x-t graph has a even smaller negative slope than at
t,, and the value of velocity at t, on the v-t graph has a small-
er negative value.

At t,: the slope of the x-t graph decreases to zero. The veloc-
ity at t, on the v-t graph is zero. i

The slope of this straight v-t line gives the acceleration, which
is positive.

Since that the values (magnitudes) of the velocity get smaller,
this object slows down. Notice that the velocity has negative ty t
values but the acceleration has positive values. A negative t,

velocity means that the object is traveling in the negative ty

direction.
These four examples illustrate the possible cases x-t graphs and the corresponding v-t graphs for
uniformly accelerating objects.

Whether an object speeds up or slows down depends on the signs of both the velocity and the ac-
celeration. If both are positive or both are negative, the object speeds up. If one is positive and one
is negative, the object slows down.

Positive acceleration does not necessarily mean speeding up, nor does negative acceleration mean
slowing down. Instead, we need to correlate the signs of the velocity and the acceleration.

v A% \% v
v>0 v<0 v>0 v<0
a>0 a<o a<o a>0
speeding up speeding up slowing down slowing down

©2011 A TIME for Physics First: Unit 3. Accelerated Motion Page 59



Reading Page: Motion Diagrams il

Correlating velocity versus time graphs to motion diagrams.

A. When an object moves toward the positive x direction, its velocity is positive. In the v vs ¢ graph
below, the velocity v starts at a small positive value and as the time increases, the value of the ve-
locity increases. Its velocity increases as the object travels, which means that it is speeding up. The
slope of the v vs ¢ graph is positive, therefore the acceleration (which is the slope of the v vs ¢ graph)
is also positive. The slope is also constant over time, and therefore the acceleration is also constant
over time.

VA

/

> {
oo >0 >0 >0 >0 >0

[ >» X

B. When an object moves toward the negative x direction, its velocity is negative. In the v vs # graph
below, the object is moving in the negative direction (v<0) and the value of its velocity increases
with time - so it is speeding up. A negative slope on a v vs ¢ graph means negative acceleration.
Speeding up means that both v and a have the same direction.

VA

< 4 < — 4 <4<
0o« o« o« o« o<« 09

>» X
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C. The object is moving in the positive direction (v>0) and slowing down: negative slope means
negative acceleration. The velocity and acceleration have opposite directions.

VA

\

> 1

< - - e
o >0 >@

|

|

0

D. The object is moving to the left (v<0, velocity is negative) and slowing down: positive slope
means positive acceleration. The velocity and acceleration have opposite directions.

VA

> {
—— —» —> —> — —>
09« 0« o« o« o« o

| > X
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Reading Page: Distance traveled while accelerating
If we have an object that has a starting (initial) velocity of v, which increases steadily to an ending
(final) velocity of v, the v-f graph looks like the figure on the left below.

Objc’:t starts at an initial velbceity v,
. |
accelerates, and after time Afte- 4,

| reaches a velocity vl

|
|
!
t; [

To find the displacement, all we need to do is to figure out the area under the line that describes
the velocity. This area, as shown on the right, is equal to the area of the rectangle A plus area of
the triangle B.

Displacement Ax = area of rectangle A + area of triangle B

1
Area of triangle B = Ebase X altitude
1
= EAI(V/ - v’_)
[To simplify, since v = v, + aAt, we can write v, — v, = aAf]
: At(aAt) : (Ar)’
2 2
Area of rectangle A = v At

1 . .
Therefore, displacement Ax = v A+ 5 a(Ar)’ ....Motion Equation #2
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Reading Page: Examples - Using Motion Equations

When you are doing word problems that call for motion equations, it is best to define all your
known quantities, identify the unknown quantity you are looking for, and then choose the appropri-
ate motion equation. Here are the equations we know thus far:

Equation of motion#1: Ve=v,; +aAt (Eqg. #1)

1
Equation of motion#2: Ax = vl.At+§a(At)2 (Eq. #2)

Example 1. A go-cart starts traveling at the top of a hill at a speed of 7 meters/sec. It rolls down
the hill for 5 seconds, after which it is traveling at 16 meters/sec. (a) Calculate its acceleration using
the motion equations. (b) do the same problem graphically (c) Draw the motion diagram that
describes the velocity of the go-cart.

(a) Solution using motion equations:

Choose units: speed in meters/sec, time in seconds.
List data and questions:

Initial speed v, =7 m/s

Final speed V= 16 m/s

Time taken At =5

Accelerationa ="?

Identify formula and calculate:

- Ve
At
m m
(16-7)(—) 9()
a= =S5 18— ) _
5s 5s g2 Velocity of go-cart as function of

time

20

The go-cart has an acceleration of 1.8 m/s.

%
(b) Graphical solution: /
The v-t graph is plotted on the right. Its slope gives o

the acceleration:

relocity [mi=)

a6-7)"

slope = acceleration, azs—s =1.8m/ s
S

time (s}
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Example 2. Generate a distance-time data table for the go-cart in example 1, assuming that the
starting position is x=0. Use this table to draw a motion diagram of position x, velocity v, and ac-
celeration a.

Time, At | Calculate position: Use Calculated

(s) value of Ax,
AX = VAL + % a(At)? =X
with v. =7 m/s; a=1.8 m/s’

0 =7(0) + (.5)(1.8)(0)2 0

1 =7(1) + (.5)(1.8)(1)2 7.9

2 =7(2) + (.5)(1.8)(2)2 17.6

3 =7(3) + (.5)(1.8)(3)2 29.1

4 =7(4) + (.5)(1.8)(4)2 42.4

5 =7(5) + (.5)(1.8)(5)2 57.5

Solution:

Given values:

Initial velocity v.= 7 m/s
Acceleration a = +1.8 m/s?
Initial position x, =0
Position x =x + Ax =0 + Ax = Ax

We can now generate a data table of x vs. At

Motion diagram:
We draw here the motion diagram against a “ruler” so it is easy to see that the placement of the
data points scales with the generated table.

The first motion diagram we draw is the position, indicated by dots. Notice how the positions
drawn match the values of x in the table above

L 2 L 4 ® L J ® ®

X! } } } } } >
0 10 20 30 40 50 60

Next, we draw the velocities: we draw arrows between the dots. Geometrically, these arrows are
proportional to the distance between the dots, e.g., x, — x, or x, —x,. Since the average velocity in
the time period between t, and t_ is given by
Xy =X . .
= A during the time interval ty =1
27h

the length of each arrow is proportional to the average velocity in each time intervals

o> > >e B —
Xt t t t t t »
0 10 20 30 40 50 6
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Next, the acceleration is added to the motion diagram (double arrow). Since the acceleration is (vf
- v)/At, the length of this arrow is proportional to difference between successive velocity arrows,
and is drawn centered on the clock tick. Notice that the difference between the successive veloc-
ity vectors is the same at all clock readings, showing that the value of the acceleration is the same
throughout the motion. Since the velocity increases with time, the direction of the acceleration is
the same as that of the velocity.

> e S>>
> == == >
a
Xt t t t t t +»
0 10 20 30 40 50 6

Example 3. A car is traveling down a street at 34 m/sec. The driver sees a slow tractor ahead and
steps on her brake for 6 sec, which slows her down to 10 m/sec. (a) Calculate her acceleration using
motion equations. (b) Calculate her acceleration graphically.

(a) Solution using motion equations:
Choose units: speed in meters/sec, time in seconds.
List data and questions:

Initial speed v, = 34 m/s
Final speed v, =10 m/s
Time taken At=6 s
Accelerationa ="

Calculate acceleration:

V,—V.
gt
t
10-34)") 24y
a= s - s — 40Z
6s 6s g2

Her acceleration is —4 m/s?. Notice that her
acceleration is negative, while her velocities
are positive. On a coordinate axis, if her veloci-

Velocity of car as function of time

ties point toward the right, her acceleration 35\
will point to the left. The opposing directions 30
of velocity and acceleration indicate that she is ~ \
decelerating 82 \
E2
(b) Graphical Solution: 2. \
The graph is shown on the right. The slope is: K 1 \
o 10
>
—134 5
acceleration, a = =—4.0m/ s 0
Also notice the units for acceleration in both 0 1 2 3 4 5 6 7
examples: the units are in meters/sec?. The unit time (s)

of acceleration is always in length/time?.
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Example 4. Generate a distance-time data table for the car in example 2, assuming that the starting
position is x =0 m. Use this table to draw a motion diagram of position x, velocity v, and accelera-
tion a.

Time, | Calculate position: Calculated Check units:
At (s) value of . m
AX:ViA['i'%a(At)z Ax’ - (m) tnits OfViAt: ;$:m
with v =34 m/s; a=-4 m/s? Units of la(At)2 :ﬂz\sz =m
0 | =34(0)- (.5)(4)(0) 0 2
1 =34(1) - (.5)(4)(1)? 32
2 =34(2) - (.5)(4)(2)? 60 1
3 =34(3) - (.5)(4)(3)> 84 (The number 2 has no units)
4 =34(4) - (.5)(4)(4)° 104 When we add two numbers, they must
5 =34(5) - (.5)(4)(5)? 120 have the same units (or we can’t add them).
6 =34(6) - (.5)(4)(6)? 132 1a( Ay
Solution: Here " and 2 both have units of

i . meters, as th hould.
Initial velocity v.= 7 m/S eters, as they should

Acceleration ¢ = +1.8 m/s?
Initial position x, =0
Position x =x, + Ax =0 + Ax = Ax

We can now generate a data table of x vs. At

Motion diagram:

Again, we draw the motion diagram against a “ruler” so it is easy to see the placement of the data
points. The first motion diagram we draw is the position, indicated by dots, with positions that
match the values of x in the table above

® ® ® ® ® ® ®
Xi | | | | | | | >
0 20 40 60 80 100 120 140

Next, we draw the velocities as arrows between the dots. As in Example 2, the length of the arrow
is proportional to the average velocity in that time interval.

® >® >@ >—>0—>80—>8
Xi : | | | | | | >
0 20 40 60 80 100 120 140

Next, the acceleration is added to the motion diagram (double arrow). Again, notice that the dif-
ference between the successive velocity vectors is the same at all clock readings, showing that the
value of the acceleration is the same throughout the motion. Since the velocity decreases with
time, the direction of the acceleration is opposite to that of the velocity.

® v >@ >8 >—>0—>8—>8
ra(= «< -« «< -«
X } } } } } } } >
0 20 40 60 80 100 120 140
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Example 5. Joni slides down the banisters at school (oops, that’s not allowed, is it?) She pushes off
with a speed of 10 cm/sec. She accelerates at a rate of 3 cm/sec? and it takes her 4 sec to reach the
bottom of the banister. Calculate her speed when she gets to the bottom.

Solution:

Choose units: speed in cm/sec, time in seconds.
List data and questions:

Initial speed v, =10 cm/s

Time taken At =4s

Acceleration a = 3 cm/s?

Final speed v, = ?

Identify formula and calculate:

:vl.+aAt
=10+3%x4

=10+12
=22 cm/s

Vr

Her speed at the bottom of the banister is 22 cm/s.

Example 6. Manya enters the highway at a speed of 36 m/sec. She steps on her accelerator for 12
sec, speeding up with an acceleration of 1.1 m/sec?. How far did she travel during this time?

Choose units: When we have several different factors such as time, distance, speed and accelera-
tion, it is usually convenient to choose a standard system of units such as the cm-gram-sec system
or the meter-kg-sec system. When we do so, other factors we calculate come out in standard units,
and we do not need to check on our units all the time. If we mixed units, such as meter-kg-hour,
then we are using a non-standard system and we will have to keep track of our units, which is a lot
more work.

For this example, it is convenient to use the meter-kg-sec system, where distance is in meters, time
in sec, speed in m/sec, and acceleration in m/sec?.

List data and questions:
Initial speed v=36 m/s
Time Ar=12s
Acceleration a = 1.1 m/s2.
Distance Ax=?

Identify formula and calculate:
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1
Ax =v,At+= a(At)?
2

Ax:(36><12)+%(1.1)><(12)2

=432+79.2
=511.2m

Manya travels a distance of 511.2 m.

Example 7. Hillary pushes off on her skateboard at the top of a hill. She starts with a speed of 3
m/s, and gains speed steadily, accelerating at 0.8 m/s2. She gets to the bottom of the hill 7 sec later.
What is her speed at the bottom of the hill? How far did she travel?

Solution:

Choose units: meter-kg-sec system: distance in m, time in sec, speed in m/sec, acceleration in m/
sec?

List data and questions:
Initial speed v, =3 m/s

Acceleration a = 0.8 m/s?
Timet=7s

Final speed V.= ?
Distance Ax ="?

(Notice that two different questions were asked in this example. )

Identify formulae and calculate:

Final speed:

Vf = Vl. + at
=3+0.8x7
=8.6m/s

Distance traveled:
1 5

Ax = vit+—at
2

Ax:(3><7)+%(0.8)><(7)2

=21+19.6
=40.6m

Her final speed is 8.6 m/s and she has traveled 40.6 m.
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Page 134

The third equation of motion
So far we have used two equations of motion:

Equation of motion#1: Ve =v+alt (Eq. #1)

1
Equation of motion#2: Ax = ViAHE"(At)z (Eq. #2)

Eg. #1 connects initial and final speeds, acceleration and time. Eq. #2 connects distance, initial

speed, acceleration and time. So far we do not
have an equation that connects distance to final
speed, or an equation that we can use if we do
not know the time involved. We can get such an
equation by combining Equations 1 and 2. If we
use Eq. 1 to get an expression for the time At,
and then substitute At into Eq. 2, we get (see the
box for details):

Equation of motion #3: vjz, —vl.2 =2alAx

Using these three equations of motion we can
calculate pretty much anything we want to know
about the motion of objects.

Example 8. In my newspaper | saw an advertise-
ment for a car that could go from zero to 66m/
secin a distance of 400 m. Calculate its accel-
eration.

Choose units: meter-kg-sec.

List data and questions:
Initial speed v =0

Final speed v, = 66 m/s
Distance Ax =400 m

Accelerationa =7

Identify formula and calculate:

vf, —vl.2 =2alAx

We will have to manipulate this equation so that

Here’s how we get Equation #3:

Start with Equation 1:

% =v[.+aAt

;
Rearrange:

alAt = Ve,

Divide both sides by a:

—V.
At=—L—1
a
which gives us an expression for Dt. Substi-
tute this expression wherever Dt appears in

Eq. #2:

a ) 2 a
Simplify:
- vl.vf—vl.2 +la(vf,+vl.2—2vivf)
a 2 L a? J
A VY Vi +l(vf,+vi2—2v[vf)
a ZL a )
v
an=vl.vf—vi+7+7—vl.vf
2 2
v Vi
an:_f__l
2
Zan:vf,—vl.2

we get the acceleration a on one side of the equation:
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2

2aAx=v -V

2
¥
ViV (66)2 -0
2Ar | 2x400
=5.44m/s’

a=

The car has an acceleration of 5.44 m/s?.

Summary: Here are the three equations of motion. You will have to identify which of these three is
appropriate for each situation:

Equations of Motion: Unit system
Here cm-g-s: m-kg-s
Equation #1: v, =v, + aAt Ax = distance cm m
At =time sec sec
. 1
Equation #2: Ax= vl-At+§a(At)2 V.= initial speed cm/s m/s
Equation #3: v} —vl-2 =2alAx Vi final speed cm/s m/s
a= acceleration cm/s? m/s?
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